Abstract An empirical non-linear method to predict stress-strain response of sand over a wide range of strain rates is presented. The method is inspired by the equivalence of the strain energy density (SED) of the material, at different strain rates. Silica based and calcium based sands were subjected to one-dimensional compression radially constrained tests to calibrate the methodology. Axial stress, axial strain and stiffness are also presented to assess the sensitivity of mechanical properties to strain rate. The observations show that sand under monotonic loading exhibits moderate strain rate dependency. This extent of rate varies with sand composition. There is good agreement between the strain rate behavior obtained from conventional tests and SED predictions derived from the proposed analysis.
Introduction
The development of resilient civil infrastructure requires that structures not only be able to support the anticipated dead and live design loads, but also unanticipated transient loads. Many of these unexpected events are naturally created such as tornados, tsunamis, and earthquakes; or manmade, such as bomb blasts, collisions or industrial accidents. These transient loads generally affect and are affected by the surrounding soils. A common factor among many rapid loading scenarios is that they produce large strains in soils over a very short period of time, which is difficult to reproduce in conventional geotechnical laboratory tests. Thus, the ability to predict the strain rate dependency of soils is useful for predicting the response of infrastructure to high strain rate (HSR) loading effects.
Many protective structures are made of granular soils, including sands and silts. The effects of strain rate on the behavior of sand are also important for several types of loading that occur during engineering operations [1] including pile driving [2] [3] [4] , ground improvement [5] , in situ subsurface explorations [6, 7] , among others.
Several studies have investigated the role of strain rate on the behavior of sand. A recent review of HSR behavior of sand is available in Omidvar et al. [8] . The available research results appear inconsistent and some discrepancies are evident when results of tests conducted at low to intermediate strain rate regimes are compared. Early studies suggest that stiffness can vary by up to 10 % depending on the rate of loading [9, 10] , whereas others found that the strain rate dependency of the mechanical properties of sand is negligible [11, 12] .
Models based on the work done along a stress-strain path have been employed to predict viscosity effects in materials [13] . One finding is that the stress-strain curve of many engineering materials at a desired strain rate can be obtained from a test conducted at a slower rate by applying the Strain Energy Density (SED) method. The starting point of this theory is based on an experiential argument that stresses are proportional to a power of the ratio of strain rates, at points having the same SED. The power is a material property. This method has been successfully utilized to predict creep of polymers such as high-density polyethylene (HDPE) [14, 15] , low-density polyethylene (LDPE) [16] , pavements [17] , and cracking evolution in concrete [18] .
This paper aims to evaluate the role of low to intermediate strain rate loading on granular media at uniaxial compression conditions. In addition, the goal is to validate a proposed empirical method inspired by the SED concept, comparing its results with those from the experimental program herein conducted.
Experimental Program
An experimental program was undertaken to investigate the effect of strain rate on the behavior of sand, and to validate the SED methodology discussed next. To guarantee consistent uniaxial compression results (a) the loading system must be capable of applying the required force in the time imposed by the applied load speed, (b) the applied stress along the specimen must be uniform, which is typically achieved by adopting a diameter to thickness ratio on the order of 6-10 [19] , (c) boundary effects on the specimen, including side and end friction, should be minimized, and (d) complete radial constraint must be guaranteed.
Sand Properties
Two different naturally occurring sands were tested: silica sand and crushed coral sand. Silica sand distributed by US Silica under the commercial name #1-dry was used. Particles are sub-rounded to subangular with medium to high sphericity having diameters ranging from 10 to 800 lm (Fig. 1) . The average particle size (D 50 ) was found to be 340 lm and coefficient of uniformity of 1.59. The material is poorly graded and classified as SP according to ASTM's Unified Soil Classification System (USCS). Its maximum and minimum densities are 1.84 and 1.43 g/cm 3 according to ASTM D4253 [20] and ASTM 4254 [21] respectively, and the specific gravity was 2.66.
The second sand was a Coral sand, purchased from an aquarium store, labeled with the commercial name Carib Sea. It was crushed in a grinder and separated into different grain size ranges. These particles are sub-rounded and less angular than those of the silica sand. Particles size varies from 10 to 1500 lm exhibiting medium to high sphericity. The average particle size (D 50 ) was found to be 615 lm and coefficient of uniformity of 1.92. The material is poorly graded and is classified as SP according to the USCS (Fig. 1) . Its maximum and minimum densities are [21] respectively, with a specific gravity of 2.65. A summary of the physical properties of the test sands are shown in Table 1 .
Specimen Preparation and Test Mold
Uniaxial compression tests were conducted on dry samples having a diameter and thickness of 76.2 and 12.7 mm, respectively. Samples were symmetrical in shape and prepared at a relative density of 75 % in a stainless steel mold that assured full restraint of radial deformations. The mold weighed 7.50 kg, which assured sufficient stability when rapid loads are applied (Fig. 2) . Dry sand mass was carefully poured into the mold using a spoon and vibrated for approximately 10 min to a predetermined height to achieve the desired uniform density. Sample dimensions and weights were validated to ensure consistent relative densities and initial void ratios. Finally, samples were covered by a rigid stainless steel cap, having a diameter and height of 76.2 and 38.1 mm, respectively.
Hydraulic Loading System
Uniaxial compression tests were performed at different strain rates using a two-column load frame equipped with a MTS hydraulic actuator having 110kip force capacity. The hydraulic actuator is operated by an Instron digital controller. A seating stress of 10 kPa was applied onto the sample, to ensure that the strain is applied at a uniform rate. The strain reported due to the seating stress application is later on removed in all experiment' results. These values are considered negligible compared to the stress levels the specimen can withhold. The hydraulic actuator is in contact with the stainless steel cap, which is in direct contact with the sand sample. Stress, strain, and time were recorded for every test performed. The time dependent behavior of these sands was observed when samples were loaded at four strain rates including 0.01, 0.1, 1, and 10 %/s corresponding to test durations of 2500, 250, 25, and 2.5 s respectively. Engineering stresses and strain are used throughout this paper with no area correction, since the diameter was assured constant.
Data Conditioning
Values of time, stress, and strain for any two different strain rates are transferred from the data acquisition unit of the hydraulic load testing system to the computer. Since the test time varies from one strain rate to another, different sampling rates were employed to acquire the data of each test. As a result, a standard discrete strain space was defined for all experiments' results to facilitate further calculations. Initially, three to four tests of each identical condition were performed to verify the reliability of the test results. Next, averages of identical conditions were constructed. The compliance effects of the loading frame can influence the measured displacements. To minimize these effects, all tests were conducted on a single test frame using identical base fixture, load plates, and stainless steel chamber. In any case, the stiffness and resistance of all fixtures, frame, and chamber were significantly higher than the tested granular materials.
Experimental Results

Tests Repeatability
Tests were carried out to 15-25 % strain and they are shown in Fig. 3 for silica sand, and Fig. 4 for coral sand. These strain values where chosen because they are considered well beyond the tolerable strain range in civil engineering applications. Experimental tests are plotted in thin dashed lines whereas averages are shown in thick solid lines. For any strain rate, both sands exhibit little variability in its stress-strain response, particularly at strain below 5 %. Although the variation is not significant along the tests, coral sand exhibits somewhat more scatter in the 5-25 % strain range, probably due to the following reasons: (1) there is lower hardness and resistance to crushing of coral particles relative to those of silica sand, and (2) particle sizes of coral sand are larger than those of silica sand. The combination of these two factors can promote particle damage somewhat faster in coral than in silica sand, which is manifested in small variations of the stress-strain response for each test. However, from the number of tests performed at different strain rates it can be see that results are sufficiently repeatable to justify the use of the average of actual test results, which will be utilized for analysis.
Effect of Strain Rate on Stiffness
Averages of the stress-strain response at different strain rates for silica sand and coral sand were constructed to facilitate the analysis of the role of the strain rate on the mechanical response of these materials. Tests with strain rates varying by up to four orders of magnitude from 0.01 to 10 %/s are illustrated in Fig. 5 for silica and coral sands. From these figures several observations can be gleaned.
First, Silica sand exhibits a stiffer response than coral sand. For instance, at 10 % strain the axial stress in silica sand is in the range of 37-50 MPa, whereas in coral sand stresses are only 10-25 MPa.
Second, both silica and coral sands exhibit stiffer respond as the strain rate increases; however, the rate of strength increase depends on the material composition. Silica sand exhibits about 15 % of stress increase when the strain rate varied from the slowest to the highest. This value can be compared with that of coral sand in which the role of strain rate induces an increase of up to 36 % in stress. This effect can also be observed when the constrained modulus, taken between 5 and 15 % is computed (Fig. 6 ). Constrained modulus is defined as the slope of the stress-strain curve of a fully radially constrained soil sample, which inhibits volumetric dilation. As a result, although silica sand is initially stiffer and stronger than coral sand, the stiffness increase rate is slightly larger in the calcium-based material. Third, the initial portion of the stress-strain curves is concave up and shows an inflexion point at about 1 and 2 % in silica and coral sands respectively. The stress-strain curves become steeper after the initial concave effect and more linear up till the end of the test. The initial curvature may be attributed to two different mechanisms: (a) seating errors discussed in ASTM D695, and it is more noticeable in coral sand due to its weaker composition; and/or (b) variable compliance of the loading frame, since compliance may have a greater effect at low stresses.
Finally, the effects of strain rate are difficult to identify in the initial 5 % of strain, and the effect starts appearing earlier in silica sand than in coral sand. At the early stages of loading static and intermediate strain rate tests exhibit similar stiffness. The small difference in initial tangents may be attributed to minor differences on actual densities of test samples and/or minor differences in seating and application of contact stresses. At 0.5 % strain, curves start exhibiting different stiffness and higher strain rate tests depict stiffer response, since test time is reduced and soil grains are less likely to rearrange compared to slower tests. At higher stress levels, less particle breakage occurs under HSR loading compared to static monotonic loading, since particle crushing is a time-consuming phenomenon [8] . The result is a stiffer response in faster events.
Stress Uniformity and Inertial Effects
The method by which the load is applied to the specimen plays a significant role in the mechanical response of these sands. The use of a specific loading mechanism and its accurate response to variation of strain rate need to be corroborated to validate the outcomes from the loading system. A review on HSR testing techniques, and issues related to inertial effects on granular behavior can be found in Suescun et al. [22] . In this work, testing low to intermediate strain rates on different sands includes the observation of the load rise time, which relates the time duration that the hydraulic system takes to reach the maximum stress, and not an intrinsic behavior of the sand column.
Since the experiments described herein were performed at different load velocities their load rise times are also different. A comparison of axial stress with test time for all strain rates applied ( Fig. 7) indicates that the load rise time curves are parallel. The horizontal axis of the figure is in logarithmic scale leading to the observation that higher strain rate tests reach stress equilibrium faster than low strain rates. Furthermore, it was found that the loading rise time is inversely proportional to the strain rate, and the slope of the load-time curve becomes steeper as the strain rate increases.
As the soil specimen is accelerated from its initial static state to the dynamic state, additional resistance beyond the static axial stress is experienced by the sample due to inertial forces associated with the mass of the soil in the specimen and the top-cap. The inertial force directly opposes the applied force from the hydraulic load. The vertical inertial force in the specimen is greatest at the top of the specimen because that is where the change in velocity is the greatest. The vertical inertia force reduces to zero at the base of the specimen because this location maintains zero acceleration throughout the test. Considering full radial restraint, the specimen does not experience radial inertial forces. From Fig. 7 it is also observed that after a very brief period of acceleration, the measured global axial stress exhibit a nearly linear character with test time indicating a constant loading velocity. Thus, the only portion of the stress-strain behavior affected by inertia is, for the fastest tests (10 and 1 %/s), at the very start of the test (up to 5 % of strain). Thus, most of the test can be considered free from inertial effects.
Verification that the strain rate could be taken as constant was conducted by calculation of the velocity of the piston at each sampling point (Fig. 8 ). This verification is very useful for evaluating models of rate dependent behavior. The engineering strain rate is then the velocity divided by the initial sample height. One of the main challenges in HSR testing is to achieve stress and strain rate uniformity. Uniformity is easier to achieve in low to intermediate strain rates regimes, than in HSR regimes. Nevertheless, a sustained regime of strain rate is necessary for use of global measurements of stress and strain in the analysis. Figure 8 shows where the strain rate is indeed constant during the time the load is applied. Among several strain rates tested the nominal highest value, 100 %/s value did not achieve steadiness. The peak strain rate achieved barely reached 50 %/s. Those results were not included in our analysis because they do not represent a constant rate of deformation.
Particle Damage
Particle damage occurs when the stress exceeds particle strength. It is evidently a function of strain rate. Under quasi-static loading, particle breakage is related to (1) confining stresses, (2) porosity, (3) particle shape, (4) mineralogy, (5) size distribution, and (6) presence of flaws within the micro-structure of the grains. Higher pressures and lower porosities inhibit shear-induced dilation thus promoting particle damage [23] . In transient events, particle damage is also affected by level of sustained load, and time of sustained load. When damage in the soil particles occurs, a new particle size distribution within the specimen is generated, and the quantification of damage is desired so careful measurements are needed.
Grain size distribution, sphericity, and shape factors were assessed using a particle size analyzer, which is commercially named as QicPic TM from Sympatec TM . Particles are fed through a hopper into a venturi where they are dispersed using compressed air. Particle shapes are captured using a high-speed camera at a resolution of four Megapixels. Edges are precisely detected when the particle flow is imaged in transmission using a special objective lens transmitting light rays to the camera that are parallel to the optical axis.
Particle size distribution of silica and coral sands loaded at different strain rates is shown in Fig. 9 . The figures illustrate the role of the strain rate on crushing of sand Fig. 9 Evolution of particle size distribution due to strain rate variations in silica sand (top) and coral sand (bottom) particles. All loading conditions resulted in particle breakage. Nonetheless, the damage of silica and coral sands is somewhat different when strain rate dependency is considered. Particle breakage is found to be a crucial mechanism involved in the mechanical behavior of sands besides others mechanisms (i.e., friction and packing). They together contribute to the rate dependency behavior of sands [24] . Test duration and test stage induce the development of one or more mechanisms at the same time. In coral sand, once the particle resistance has been reached, grains exhibit a clear strain rate effect because new particle size distributions are generated as strain rate changes. Moreover, there is an identified trend of size reduction as strain rate loading increases. On the other hand, silica sand response does not show an obvious trend. Particles crush leading to the evolution of daughter particles that remain similar in shape and size regardless strain rate variations.
The quantification of particle breakage in sand subjected to HSR has been studied for decades; however, still inconsistencies among the observations remain. Perhaps the loading mechanics in which the breakage is induced plays a significant role on quantifying breakage. Some studies [25, 26] demonstrated, testing one dimensional and triaxial compression conditions respectively, that in transient loading particles have less time to break, giving rise the conclusion that the damage level was more significant when loading rate was low. On the other hand, the influence of loading rate on particle breakage was also demonstrated by Kabir et al. [27] by comparing HSR triaxial tests using the Split Hopkinson Pressure Bar (SHPB) and quasi-static hydraulic tests. They observed that although failure and particle crushing were eventually reached in both loading conditions, the damage level is more significant when strain rates increases.
Aspect ratio and sphericity parameters were utilized to characterize the shape of particles. The effect of the strain rate on the aspect ratio of particles is shown for both sands in Fig. 10 . Aspect ratio is defined as the ratio of the largest to the smallest diameters that are orthogonal to each other. It can be seen that particles of silica and coral sands possess aspect ratios ranging from 0.6 to 0.75 on the entire size spectrum. It can also be seen for both sands that values do not dramatically change when strain rate changes. However, particle sizes of silica sand larger than 500 lm tend to evolve into smaller particles with higher aspect ratio. A similar, but less evident, effect can also be seen for coral sand.
The variation of sphericity with strain rate loading is illustrated in Fig. 11 . Sphericity is defined as the ratio of the perimeter of the equivalent circle to the total perimeter. Sphericity values varies from 0 to 1; small values indicate a more irregular shape, whereas high values specify more uniform particles. The effect of the loading rate on change in sphericity of daughter particles is found to be negligible.
Modeling the Effect of Strain Rate on the Behavior of Sand Phenomenology
The mechanical behavior of sand at quasi-static and HSR exhibits different responses. In quasi-static uniaxial compression tests, one usually observes initial stiff behavior, followed by softening, then hardening; this behavior is usually explained by initial elastic compression of individual sand particles, followed by slippage and rearrangement of particles promoting a denser packing. If the load is further increased and/or sustained, particle crushing may take place depending on the stress level that grains can sustain.
When HSR is applied, sand particles move and flow during the test. New mechanisms can be perceived which include (a) inertia forces opposing the loading stress thus facilitating stress wave propagation, (b) stress wave propagation occurring from one end of the sample to the other, (c) a stress uniformity is eventually reached when many propagations superimpose over one another, (d) a rapid particle rearrangement is observed, and (e) particle crushing can also be observed if grain resistance is reached. Since HSR involves transient loads a dynamic cyclic condition is not likely to happen. However, if particle crushing is observed, a new particle size distribution can be expected. In general, HSR behavior may arise because all strain mechanisms except grain elasticity require movement of particles, which may be truncated by insufficient load duration.
The form of the stress-strain curves resembles classic viscoplastic behavior with a relatively rate dependent response. Many constitutive formulations have been suggested: (a) the Perzyna's theory [28] , the most well-known formulation, where viscous behavior is modeled with a time-rate flow rule, and (b) the Duvant-Lions theory [29, 30] , in which the viscous behavior is fabricated based on the difference between solutions for non-viscous and viscoplastic formulations. Other constitutive models related to rate dependency have been developed based on the aforementioned formulations including the three-phase equation-of-state (EOS) [31] [32] [33] . EOS soil models take into account the different compressibilities of the solid, water and air phases of soil.
In this study another simple model to predict the strain rate dependency of sand is explored. The model assumes SED equivalency between a given stress-strain test and another one conducted at a higher strain rate. The equivalence is assumed to incorporate the effects of visco-elasticity and visco-plasticity through the use of an exponential relationship defined in the next section.
Equivalent Strain Energy Density (SED) Method
The energy stored in a body due to deformation is called the strain energy, and the strain energy per unit volume is called the SED. When there is only one non-zero principle strain, the SED can be identified as the area underneath the stress-strain curve up to the point of deformation of interest. In this work, the SED concept is applied to stressstrain curves of sand from one dimensional (1-D) compression and the macro-scale response is analyzed. The nature of the macro-scale analysis excludes lateral deformation occurring within the soil. This approach does not account for particle and meso scale degrees of freedom permitting multi-axial strains such as friction, rotation, and translation of particles that takes place to accommodate axial strain.
The concept of the SED theory has been applied to study the instability of materials [34] . The theory is based on the hypothesis that a continuum element comprised of an assembly of small elements, each one containing a unit volume, can only store a finite amount of energy at any given time.
In general, the SED, W, of a material is defined as the strain energy, U, per volume, V. It is equal to the area under the stress-strain diagram of a material, measured from e x = 0 to e x = e 1 as follows
where r x and e x are the stress and strain components at a given point. The SED concept hypothesizes that stress is proportional to a power, m, of the strain rates. For 1-D loading, in which the modulus of elasticity, E, is equal to the product of r and 1=e, and for which the modulus is constant, a relationship between strain rates, stresses, and strain can be presented in the following equation: where subscripts 1 and 2 are any two states, representing tests conducted at different strain rates. Thus any point on a stress-strain curve has a corresponding point on a different stress-strain curve conducted at a different strain rate so that the two points have the same energy density and satisfy Eq. (2) [13] . In that case, the SED theory resembles many dislocation-based models in which the flow stress is proportional to a power of the strain rate. It can be observed from the Eq. (2) that small values of m imply a low time-dependent behavior. When a particular material exhibits a viscoelastic behavior, and the stress-strain relation is linear, the SED hypothesis can be graphically understood as shown in Fig. 12 . By equaling areas A 1 and A 2 the following relationship can be expressed as:
The availability of two stress-strain tests on the same material at different constant strain rates allows the prediction of a third stress-strain curve at any other strain rate. The first two tests are used to define m. Once m is known, the third stress strain curve can be obtained by using one of the other two stress strain tests as a reference. Rearranging Eqs. (2) and (5), the m value can be found as,
Assuming that E changes with the rate of loading, but remains a constant for any particular strain rate, the term m would also be a constant number that no longer depends on the SED. The value of m converges to a constant value of 0.048 and 0.027, for virgin and recycled HDPE, respectively, when tests with at least a difference of 2 or more orders of magnitude in their strain rates are used [35, 36] .
SED Applied to Modeling Stress-Strain Behavior of Granular Media
A non-linear model inspired by the SED concept is proposed in this paper. Contrary to the viscoelastic linear behavior exhibited by HDPE, the mechanical response of granular media is highly nonlinear, and time and material composition dependent. Yielding stresses occur gradually with a steady transition from linear to nonlinear response under uniaxial compression as shown in Fig. 13 for full radial confinement. Granular materials exhibit a viscoelastic-viscoplastic response even at small loading ranges, which makes it difficult to identify where yielding starts. However, viscoelasticity is the fundamental assumption employed in SED. For this reason, the conventional SED method for viscoelastic materials, which employs a linear relationship and therefore a constant value of m is unsuitable for characterizing rate effects in sand. Nevertheless, Suleiman and Coree [37] established that a linear model could be used to represent creep of viscoplastic materials. Thus a viscoelastic model may be used to approximate the behavior of viscoplastic materials, particularly if unloading or strain-reversal is not encountered in the problem being examined.
In the conventional SED method, a linear fit is commonly applied to the strain-stress curves to find the modulus of elasticity and calculate the SED as the area of a triangle, which is also the area under the stress-strain curve [15, 36] for the viscoplasticity of sand by applying a stepped viscoelastic model piece-meal, such that each portion of the stress-strain curve has a different value of m. The relationship for m can be generalized by letting m changes as SED changes. As a result values of m are incremental and are a function of the strain level at any specific point of analysis (Fig. 13) . Thus a spline function was employed, instead of the linear fit, to represent the stress-strain response. A spline is a numerical function that is piecewise-defined by polynomial functions, which possess a sufficiently high degree of smoothness at the places where the polynomial pieces connect. The proposed approach is believed to account for both viscoelastic and viscoplastic components of the behavior of sand. A similar approach was proposed by Luo et al. [38] in quartz sand subjected to HSR loading via the SHPB. Unlike the use of strain rate variables, they found that the stress-strain relationship followed a power law relationship with the sand initial bulk density, indicating a behavior highly sensitive to mass density. They also related the energy absorption density and compressibility of sand with the axial stress.
Limitations of the Proposed SED Approach
The original SED method is based on Hooke's law where the energy stored in a loading is assumed proportional to the Young's elastic modulus. However, the stress-strain behavior of sand is far from being linear. In addition to the elastic response, in granular media other mechanisms such as particle rearrangement, and particle damage, also take place. Thus, the following limitations must be considered when applying the current method:
(1) Variation of the modulus with strain has long been recognized in soil mechanics [39] . The proposed approach presumes that variation of E with strain can be extrapolated from one strain rate to another by employing SED principles.
(2) The material's response becomes increasingly nonlinear at higher strain ranges, making the original linear SED equations increasingly invalid. Despite this limitation, the proposed SED inspired method captures the non-linear response as strain increases by adopting a piecewise definition of for viscoelastic behavior that accounts for all modes of soft matter deformation including elasticity, rearrangement, and damage. (3) It may be possible that at some strain ranges, the stress-strain response of the sand is governed by one or more mechanisms. The current approach does not have the capabilities to identify the partial contribution of each mechanism but rather it applies the method by treating all mechanisms as a whole. (4) Although E is a material property, its value in soils always falls within a well-known range of stiffness.
Normal strain ( ) Fig. 13 Strain energy density concept for fully confined uniaxial compression tests Table 2 These variations can be attributed to small uncertainties due to particle composition, heterogeneity, and discrete media. The current SED approach employs slight variation of E as function of the strain.
The following steps describe the use of the Modified SED method in the granular soils of low to intermediate
permits smoothing and linearizing the relationship between m and its corresponding strains. In this equation, m is a power law exponent, which is the target coefficient related to any given pair of reference tests; i is SED at any desired strain; _ e r1 and _ e r2 are the strain rates for the two initial reference tests (1 and 2); and r 1 and r 2 are the axial stress values corresponding to the reference curves 1 and 2 respectively. Since four strain rates were employed to test the methodology (0.01, 0.1, 1, and 10 %/ s), the number of possible combinations to calculate the value of m is six. Thus, six different Log m-strain scenarios were computed following Eq. (7), in order to explore the repeatability of this trend, and examine the sensitivity of Log m to strain.
m Value as a Strain Rate Dependent Function
The relationship between Log m and strain was observed by plotting the six curves for each sand, and finding the best linear fit (Fig. 14) . Although Eq. (7) is not explicitly a function of strain, each reference and predicted stress values correspond to its strain pair. As a result, the best linear fit from Fig. 14 can be expressed as follows:
where a and b can be identified as material constants since these values vary from one material to another. The variation of a and b could be attributed to other intrinsic variables of the material such as particle size distribution, angularity and roundness, particle flaws, among others. However, the practical current approach assumes a general variation that is material dependent. Thus, m becomes a power function that depends on the axial strain and on two constants shown as follows,
As a result a relationship between m and axial strain is established so m is no longer constant as previously employed for materials with linear behavior.
Predicted Stresses at Higher Strain Rates
By rearranging Eqs. (2) and (9) the predicted stress r 3 at any desired strain rate can be calculated as the following
Finally, the predicted higher strain rate scenarios can be shown and compared to the experimental results.
Prediction of Experimental Observations Using SED
The current SED-inspired method can be applied to predict the stress-strain behavior of the tested silica and coral sands as follows. First, three to four tests on the same material, prepared at the same density, and loaded at the same strain rate are performed in order to compute their average stress-strain rate response, which is used for further calculations. Second, two stress-strain curves of different strain rates are chosen to define the double Logarithmic function of m using Eq. (7). The calculation is repeated at every 0.01 % strain such that the 2 corresponding stresses r 1 , r 2 are obtained and a different value of Log m is computed for each strain level. Third, a linear fit for the Log m versus strain is obtained, in which fixed parameters a and b are found (Table 2) . Finally, the predicted stress for the imaginary test at a higher strain rate (r 3 ) is obtained from the reference stress strain test conducted at a slower strain rate using Eq. (10), and substituting the values of a and b as well the strain rates for each point on the reference test. An example of finding predicted stresses in silica sand at 100 %/s of strain rate, based on two references stress-strain tests at 1 and 10 %/s, is presented in Table 3 .
In order to assess the model's capabilities, a set of stress-strain predictions up to 10 %/s was computed. The m functions, for both silica and coral sands, were found based on the average values of Fig. 5 . m values were computed for the entire strain range of 0-20 %. Following the step-by-step process, the Log of m was calculated as a function of the strain (Fig. 14) . It is clear that Log of m converges to a linear trend, which varies from one material to another. Silica sand and coral sand appear different when Log of m is calculated. The Log of m of silica sand is more sensitive to the axial strain than that of coral sand, although values of silica sand exhibit less scatter than those of coral sand. As a result, the bestfit logarithmic functions were identified using Eq. (8) .
The variation of m with strain is illustrated in Fig. 15 . It is noteworthy that m changes significantly from one material to another. The value of m for coral sand slightly varies in the strain domain whereas m for silica sand reveals a concave behavior in which the highest deviation is shown at the first 10 % of deformation.
The m function for each sand is then replaced in Eq. (10) to predict the stress, using another test as a reference test. Since the stress levels, and the exponential function of m differ from silica sand to coral sand, the predicted stress values for both sands are also different. Averages of the actual experiments are plotted together along with the stress-strain curves predicted using the SED inspired method, as shown in Figs. 16 and 17 for silica sand and coral sand, respectively. The stress strain curves predicted by the SED techniques agree with measured curves generally within the repeatability of experimental data.
The variation of the stress-strain response with the order of magnitude for strain rate pairs is also illustrated in Figs. 16 and 17 for silica sand and coral sand respectively. In silica sand, this effect is negligible. Each plot of Fig. 16a -c includes five thin solid black lines corresponding to strain rate pairs. The solid lines basically overlap, which makes it difficult to identify differences. On the other hand, coral sand provides a somewhat different response. When pairs involving stress-strain tests with rates differing by two and three orders of magnitude are used the scatter in the predicted stress-strain is significantly reduced, whereas the scatter increases as the order of magnitude reduces. These results are consistent with Bozorg-Haddad and Iskander [35, 36] for virgin and recycled plastics respectively. 
Extrapolation of Results to HSR Loading
Stress-strain curves of HSR loading were also extrapolated from the available data. Strain rates of 100, 1000, 10,000, and 50,000 %/s were computed using the SED inspired approach for silica and coral sands. Predictions were performed using the experimental data for the 0.01 and 10 %/s strain rate range. In order to validate the extrapolated results, a new set of experiments was carried out to compare with the SED predictions. Due to the mechanical limitation of the hydraulic frame utilized initially, a dropweight tower was employed to drop weights of about 13.5 kg at heights varying from 0.10 to 1.6 m in order to achieve the desired strain rates. The target specimens were 12.5 mm in diameter and height to allow for higher impact stresses, than would be possible with the original 76.2 mm in diameter specimen. Samples were placed in the same stainless steel uniaxial chamber used on previous tests. This was accomplished by inserting a sleeve, 76.2 mm in external diameter and 12.50 mm in internal diameter in the chamber to encase the small specimens. Similar relative densities of about 85 % were employed using mechanical vibration and tamping. The results of experimental versus predicted curves are plotted in Fig. 18 for silica and Fig. 19 for coral sand. It can be seen that as the strain rate increases the two compared curves become less compatible. In addition, tests conducted at strain rates higher than 100 %/s, especially in silica sand, exhibit some differences at the earlier stages of strain. These discrepancies can be attributed to a combination of factors including (1) difference in loading systems resulting in different load types (impact versus rapid), (2) impact loading, causing some bouncing and load reversals, and (3) higher stresses caused by the impact probably resulting in particle crushing, which introduces new mechanisms not accounted for by the SED. Nevertheless, the measured and predicted responses are reasonably close, particularly for engineering purposes.
In light of the comparison, several observations can be drawn: first, the current method provides a very useful engineering approach for interpolation or modest extrapolation of available data. Second, this approach was more accurate when loading did not introduce new phenomena that are not captured by the experimental data collected at lower strain rates.
Conclusions
A series of uniaxial compression tests was conducted to evaluate the dependency of the mechanical behavior of two natural granular materials: silica and coral sands on strain rate. Loading rise time for both samples were compared to a b c d Fig. 18 HSR experimental versus predicted stress-strain curves of a 500,000 %/s, b 10,000 %/s, c 1000 %/s, and d 100 %/s in silica sand (experimental data is shown in dashed lines, and predicted data in solid lines) test time and strain rate values respectively to validate the efficacy of the obtained results, and results were deemed reliable in the investigated test range. The results show distinct measurable strain rate effects for silica and coral sands under uniaxial test conditions. This behavior varies from one sand to another and depends on several factors that have not been fully explored in this study, but include material composition. Test results indicate that generally, the stress-strain curves during the first 0.50 % of strain have similar stiffness, which is attributed to the stiffness of the loading device. As the strain levels reach 10 % strain an increase in stress of about 15 % is observed, when strain rates vary from 0.001 to 10 %/s. An empirical approach, based on the equivalence of SED between tests conducted at various strain rates was developed. A model that accounted for viscoelastic-viscoplastic behavior was employed to predict stress-strain response of sand at different strain loading rates, using a reference stress-strain test conducted at a lower strain rate. The parameters of both visco-elastic and visco-plastic components were computed together by curve fitting a function m, which is material and strain dependent through the results of four constant engineering strain rate tests. Comparison between conventional low to intermediate strain rate uniaxial compression tests, and prediction using the SED approach indicates that SED is an appropriate methodology for extrapolating stress strain behavior to scenarios involving HSR. Thus, the proposed methodology provides a powerful approach for estimating HSR, using test conducted at slower strain rates. 
